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Abstract. In the category of semisimplc Hopf algebras the Hopf 
kernels introduced by Andruskiewitsch and Devoto in [1] coincide 
with kernels of representation as introduced in [2] . Some new re- 
sults concerning the normality of kernels are also presented. It 
is proven that the property for Hopf algebras to have all kernels 
normal Hopf subalgebras is a selfdual property. 

1. Introduction 

Semisimple Hopf algebras were intensively studied in the last twenty 
years. Many properties from finite groups are extended to the more 
general setting of semisimple Hopf algebras. 

In order to work inside the category of Hopf algebras in pQ the au- 
thors introduced the notion of Hopf kernel of a morphism between Hopf 
algebras. Using the exponent properties of semisimple Hopf algebras in 
[2] a notion of kernel of a representation of a semisimple Hopf algebra 
was proposed. This notion extends the notion of kernel of finite group 
representations. In this paper we prove that the two notions of kernels 
coincide. It will be proven in Proposition 12.81 that the Hopf kernel of a 
morphism between semisimple Hopf algebras is the kernel of a certain 
representation. Theorem 12.101 shows that the converse of this fact is 
also true, any kernel of a representation is also a Hopf kernel in the 
sense defined in pQ. 

Although many properties of kernels were transferred from groups 
to this more general setting of semisimple Hopf algebras there are still 
some unanswered questions in this direction. For example the normal- 
ity of kernels of representations was proven in [2] with an additional 
assumption, that of centrality of the character in the dual Hopf alge- 
bra. It is not known yet if this additional assumption is necessary. In 
this paper we study Hopf algebras where all these kernels are normal 
Hopf subalgebras. We say that a Hopf algebra has property (N) if any 
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kernel H x is a normal Hopf subalgebra of H for any x £ Itt(H). It 
will be shown in Theorem 13.111 that property (N) is a self dual notion, 
H has property (N) if and only if H* has property (iV). We also give 
new information on these kernels in terms of the central characters 
described in [9]. 

We work over the base field C and all Hopf algebra notations are 
those from [6]. We drop the sigma symbol in Sweedler's notations for 
comultiplication. 

2. The kernel of a representation as a Hopf kernel 

Through all this paper H is a semisimple Hopf algebra over C. It 
follows that H is also cosemisimple and S 2 = id#. The set of irreducible 
characters of H is denoted by 1tt(H) and this is a base of the character 
algebra C(H) C H*. Moreover C(H) is a semisimple algebra [TU] . 

To any irreducible character d G Irr(_ff*) is associated a simple co- 
matrix coalgebra C = C < Xy >i<i,j< q as in [3]. 

If A is the idempotent integral of H it follows that dime (H) A is the 
regular character of H*, that is: 

(2.1) dim c (#)A= e ( d ) d - 

delrr(H") 

Let if be a semisimple Hopf algebra over C and M be an if-module 
affording the character x- Proposition 1.2 from [2] shows that < 
e(c?)%(l). In fact the equivalence of the following assertions follows 
from the same Proposition. 

Proposition 2.2. ( see [2] Remark 1.3) Let H be a semisimple Hopf 
algebra over C and M be an H -module affording the character x- 

(1) X (d)=e(d)x(l). 

(2) xfaj) = ^jX(l) for all i,j. 

(3) dm = e(d)m for all m G M. 

(4) Xij-m = 5ijfn for all i,j and m G M. 

The kernel H M (ox H ) is defined as follows (see [2]). Let ker#(x) 
be the set of all irreducible characters d G ln(H*) which satisfy the 
equivalent conditions above. It can be proven that this set is closed 
under multiplication and "*" and therefore it generates a Hopf subal- 
gebra H M (or H ) of H which is called the kernel of the representation 
M 0. 

Remark 2.3. 

(1) For later use let us notice that ker#(%) C ker#(x n ) for all 
n > 0. This is item 1 of Remark 1.5 from [2]. It follows 
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that n n >oker#(x n ) = ker^(x) which can also be written as 
n n>oH MS)n = H M . 

(2) We also need the following result proven in [8] . Suppose that d 
is a character of H* and x a character of H . Then x{d*) = x{d)- 

(3) Suppose that x% £ Itt(H) and x — J2i=i m iXi where > 0. 
Then it is easy to see that 

ker H (x) = n[ =1 ker H (Xi) 

Proposition 2.4. Lei H be a semisimple Hopf algebra over C and M 
be a representation of H with character x- Consider the subalgebra of 
H given by 

S M = {h G H | hm = e(h)m for all m G M}. 
Then H M is the largest Hopf subalgebra of H contained in S M . 

Proof. By the definition of the kernel it is clear that H M C S M . Item 
[2] of Remark 12.31 implies that if C C S M then S(C) C S M . Previous 
Porposition also shows that if a subcoalgebra C is included in S M then 
C is also included in H M . It is easy to see that if C and D are two 
subcoalgebras included in S M then the product coalgebra CD is also 
included in H M . It follows that the largest Hopf subalgebra included in 
S M it is the sum of all subcoalgebras included in S M and therefore this 
Hopf subalgebra is also included in H M . Thus this Hopf subalgebra 
coincides with H M □ 

Corollary 2.5. Let H be a semisimple Hopf algebra over C and M be 
a representation of H . Then H M is the largest Hopf subalgebra K of 
H such that K + C Ann H (M). 

Proof. It is easy to see that for any Hopf subalgebra K of H one has 
K + C Ann^(M) if and only if K C H M □ 

Remark 2.6. 

Let K be a normal Hopf subalgebra of H and L := H/ /K be the 
quotient Hopf subalgebra. From previous Corollary it follows that 
Irr(L) = {x G Irr(#) | H x D K}. 

2.1. Hopf kernel of a Hopf algebra map. In this subsection it 
will be shown that any Hopf kernel is a kernel of representation. The 
converse it will be proven in Theorem 12. 101 

Recall the Hopf kernel of a Hopf map defined in |TJ . If / : A — > B is 
a Hopf algebra map then the Hopf kernel of / is defined as follows: 

(2.7) HKer(f) = {a G H \ a l <g> 7r(a 2 ) <8> a 3 = a x ® vr(l) ® a 2 }. 
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It was proven in pQ that the Hopf kernel is a Hopf subalgebra of H . 

Proposition 2.8. Let I be a Hopf ideal of H and ir : H — >■ H/I be the 
canonical Hopf projection. Then 

S H/I = {hEH \n(h) = e(h)l}. 
Regarding H/I as H -module it follows that HKer(7r) = H H/I . 

Proof. It is straightforward to verify the formula for S H/I . It is also 
clear that HKer(7r) C S H/I . Since HKer(7r) is a Hopf subalgebra of H 
Proposition 12.41 implies that HKer(7r) C H H . On the other hand it 
easy to check using the equivalencies from Proposition I2.2l that H H/I C 
HKer(7r). Therefore the equality HKer(7r) = H H/I holds. □ 

2.2. Description of the categorical Hopf kernel as the kernel of 
a representation. Let M be an if -module with character \. Consider 

I M = n n=0 Ann„(M®"). 

Then Im is a Hopf ideal and it is the largest Hopf ideal contained in 
the annihilator Ann#(M) [3]. Therefore B = H/Im is a Hopf algebra 
and one has a canonical projection of Hopf algebras 

7T : H ->■ B. 

Proposition 2.9. Let H be a semisimple Hopf algebra over C and M 
be an H-module. Using the above notations it follows that H M = H B 
where B is regarded as H-module via n. 

Proof. The representations of the Hopf algebra H/Im are exactly the 
representations that are constituents in some power M® n of M. Thus 
one has H B = n n >oH Sn by item [3] of Remark 12.31 Also item [Tj of the 
same Remark 12.31 implies that H M = H B . □ 

The next theorem gives the characterization of the kernel of a rep- 
resentation Hopf kernel. 

Theorem 2.10. Let H be a semisimple Hopf algebra and M be a rep- 
resentation of H . Let as above tc : H — > H/Im be the canonical projec- 
tion. Then 

H M = HKer(vr). 
Proof. By previous Proposition it is enough to show that 

HKer(Tr) = H B . 

It is easy to see that H B C HKer(7r). Indeed, if h 6 Hb then 
J2hi <8> 7r(/i 2 ) <8> h 3 = hi ® e(h 2 )l ® h 3 = hi <8) 1 <g> h 2 since ir(h) = 
e(h)l for all h e H B . 
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One can also see that HKer(7r) C H B . Indeed if h G HKer(7r) then 
Yl/hi® n{h,2) <8> hs = hi eg) 1 <g> h 2 . Applying e <8> id <g> e to this identity 
it follows that 7r(/t) = e(/i)l and Lemma 12.81 implies HKer(7r) C H B . 
Since HKer(7r) is a Hopf subalgebra it follows from Proposition 12.41 that 
HKer(7r) C H B . Thus HKer(vr) = H B . □ 

3. Hopf algebras with all kernels normal 

In this section we describe some properties of Hopf subalgebras with 
all kernels H x normal Hopf subalgebras. 

3.1. Central characters in the dual Hopf algebra. Let H be fi- 
nite dimensional semisimple Hopf algebra over C. Define a central 
subalgebra of H by Z(H) := Z(H)f]C(H*). It is the subalgebra of 
if*-characters which are central in H. Let Z(H*) := Z(H*) f)C(H) be 
the dual concept, the subalgebra of i?-characters which are central in 
H*. 

Let 4> : H* —> H given by / \-> / —r A H where / —r A H = 
f(S(A H ))A H . Then is an isomorphism of vector spaces 

Remark 3.1. It can be checked that = j^jd* and _1 (^ x ) = 

x(l)x f or a M d ^ Itt(H*) and x ^ Itt(H) (see for example (6]^). Here 
£ x G H is the central primitive idempotent of H associated to x- Dually, 
£<i G H* is the central primitive idempotent of H* associated to d G 
Irr (H*). 

The following description of Z(H*) and Z(H) was given in [9]. Since 
<j){C{H)) = Z(H) and <p{Z(H*)) = C{H*) it follows that the restriction 

is an isomorphism of vector spaces. 

Since Z(H*) is a commutative semisimple algebra it has a vector 
space basis given by its primitive idempotents. Since Z(H*) is a subal- 
gebra of Z(H*) each primitive idempotent of Z(H*) is a sum of primitive 
idempotents of Z(H*). But the primitive idempotents of Z(H*) are of 
the form £ d where d G lrr(H*). Thus, there is a partition {3^j}jej of 
the set of irreducible characters of H* such that the elements {cj)je.j 
given by 

form a basis for Z{H*). Since (f>(Z(H*)) = Z(H) it follows that % : = 
\H\<f)(ej) is a basis for Z(H). Using the first formula from Remark 13.11 
one has 
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(3.2) e,- = e ^ d *- 

Proposition 3.3 of [2J shows that kernels of central characters are 
normal Hopf subalgebras. Thus with the above notations ker H*(fij) is 
a normal Hopf subalgebra of H* . 

Remark 3.3. By duality, the set of irreducible characters of H can 
be "partitioned into a finite collection of subsets {Xi}nzj such that the 
elements (fi)iei given by 

(3-4) f t =Y, X(1)X 

form a C-basis for Z(H*). Then the elements <f)(fi) = ^2 X €X £ x are 

the central orthogonal primitive idempotents ofZ(H) and therefore they 
form a basis for this space. Clearly \I\ = |J|. 

Write d ~ d' if both appear in the same minimal central character 
Cj of H . Clearly ~ is an equivalence relation with equivalence classes 

For an irreducible character d G lrr(H*) let N(d) be the smallest 
Hopf subalgebra of H containing d. This always exists since intersection 
of normal Hopf subalgebras is always a normal Hopf subalgebra. 

Proposition 3.5. Suppose that d,d' G Irr(iiP) with d ~ d' . Then 
N(d) = N(d'). 

Proof. Since N(d) is central it follows from [5] that the idempotent 
integral A of N(d) is central in H. Since N(d) is a semisimple Hopf 
algebra Equation 12.11 implies that A is a scalar multiple of the sum 
Yje&w(N(d)*) e ( e ) e - But Irr(iV(d)*) C Irr(fP) and decomposition EH 
of central characters of H* shows that d' G N(d). Therefore N(d') C 
N(d). Symmetry implies that N(d') = N(d). □ 

Remark 3.6. (see Remark 2.3 of ^2\.) 

1 ) Suppose that K is a normal Hopf subalgebra of H and let L = 
H//K be the quotient Hopf algebra of H via n : H — > L. Then 7r* : 
L* — > H* is an injective Hopf algebra map. It follows that ir*(L*) is 
a normal Hopf subalgebra of H* . Moreover (H*//L*)* = K as Hopf 
algebras. 

2) There is a bisection between normal Hopf subalgebras of H and 
H* . To any normal Hopf subalgebra K of H one associates (H//K)* 
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as normal Hopf subalgebra of H* . Conversely to any L, a normal Hopf 
subalgebra in H* , one associates (H*//L)* as normal Hopf subalgebra 
of H. The fact that these maps are inverse one to the other follows 
from the previous item of this Remark. 

3.2. Hopf algebras with all kernels normal. 

Definition 3.7. We say that a semisimple Hopf algebra H has prop- 
erty (N) if and only if H x is a normal Hopf subalgebra of H for all 
irreducible characters % G Irr(_ff). 

Dually H* has property (N) if and only if H^ is normal for any 
irreducible character d G Irr(fP). 

For a semisimple Hopf algebra H denote by t# G H* the idempotent 
integral of H* It follows as in Equation 12.11 that dimc(if)t# is the 
regular character of H. The following theorem from [2] will be used in 
the sequel. 

Theorem 3.8. Let H be a finite dimensional semisimple Hopf algebra. 
Any normal Hopf subalgebra K of H is the kernel of a character which 
is central in H* . More precisely, with the above notations one has: 

K = H\ L \^ (tL ) 

where L = H/ /K and ti is the idempotent integral of L. 

From the proof of this theorem also follows that the regular character 
of L is dim c (L)t L = e K tf . 

Theorem 3.9. Let H be a semisimple Hopf algebra. If H* has property 
(N) then ker d = ker d! for all d ~ d! ' . 

Proof. Suppose H* d is a normal Hopf subalgebra of H. Then by Remark 
13.61 there is some normal Hopf subalgebra K of H such that H% = 
(H/ /K)*. From the definition of the kernel and Remark [2] one has that 

ker H*(d) = {x |ker x D K}. 

We claim that d G K. Indeed as above the regular character of 
H//K is €k tjr- Note that d G ker^(%) if and only if x G ker#*(d). 
This implies that d G H *.h. But Corollary 2.5 of [2 J implies that 

Since N(d) is the minimal normal Hopf subalgebra containing d one 
has that N(d) C K. On the other hand since A# is central in H 
decomposition l3T2l of central characters of H* implies d' G K. Therefore 
ker d' D ker d. By symmetry one obtains ker d' C ker d and thus the 
equality ker d' = ker d. □ 



8 



SEBASTIAN BURCIU 



Corollary 3.10. Let H be a semisimple Hopf algebra. Then H* has 
property (N) if and only if ker d = ker d! for all d ~ dl ' . 

Proof. We have already shown that if H* has (N) then ker d = ker d' 
for all d ~ d' '. The converse follows by item [3] of Remark 12.31 since 
ker H *(d) = n^ey ker H *(d') = ker H*(fij) which is normal by Proposi- 
tion 3.3 of [2|. 3 □ 

Now we can prove the main result of this subsection. 

Theorem 3.11. Let H be a semisimple Hopf algebra. Then H* has 
property (N) if and only if H has property (N) . 

Proof. We show that if H* has (JV) then H has also (JV). Write x ~ 
X' if both characters appear in a minimal decomposition of a central 
characters fi of H from Remark 13.31 Suppose x ~ x' an d let (i G 
ker ff (x). Since if* has (N) as before we have that = (H//K)* for 
some K, a normal Hopf subalgebra of H. Then Theorem 13.81 implies 
that x is a constituent of tx- Since by the same Theorem ex Tx i s 
central in H* it follows from decomposition [3741 of central characters of 
H that x' is also a constituent of e^- tx- Therefore also <i G ker x' ■ This 
shows ker x C ker By symmetry one has the equality ker % = ker x'. 
Previous Corollary shows that H has also property (N). □ 

Proposition 3.12. Suppose that H is a semisimple Hopf algebra with 
property (N) and let d G Irr(ff*). In this situation H^ = (H//N(d))*. 

Proof. It is enough to show that ker#*(cf) = lrr(H/ /N(d)). Clearly 
Itt(H/ /N(d)) C ker H*(d) by Remark[2j Suppose now that x G kern*{d). 
Since H has (iV) it follows that H x is a normal Hopf subalgebra of H. 
Since d G ker#(%) definition of N(d) shows that N(d) C H x . Thus 
Xelrr(H//N(d)). ' □ 
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